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Work four problems, at least one from each group.  Circle the numbers below to 
indicate your chosen problems. 
 
 

 
 

Group A      Group B            Group C 
 
 
 

1. Write in your code letter here:  
2. Write your code letter and a page number (in sequential order) on the top 

right-hand corner of each submitted answer sheet. 
3. Write only on one side of each answer sheet. 
4. Start each problem on a new answer sheet. 
5. Stack your answer sheets by problem and page number, and then staple 

them (at the top left-hand corner) with this cover sheet on the top. 
 
 
 
 
 

1 2    3 4  5  6  



1. 



 
2. A particle of mass m moves under the action of a force the potential of which is 
given by V(r) = kr4  where k > 0. 

a. Calculate the force f(r) and plot V(r) vs. r and f(r) vs. r.  [5 pts] 
b. Plot Veff(r) vs. r.  Discuss the motion of the particle for energies: E=V0, E > 

V0 and E < V0, where V0 = Veff (r0) is the minimal value of Veff (r).  (Recall: 
Veff includes, in addition to V(r), also the “centrifugal potential” term.) [7 
pts] 

c. Find the values of the angular momentum l and energy E for the radius 
r=r0 of a circular orbit. [6 pts] 

d. Calculate the period T of circular motion with radius r0. [7 pts] 



3. 

 
 
 
 
 



4. Consider a single (nonrelativistic) particle of mass m and charge q moving in 
an electromagnetic field. 
 

a. Write down the Lagrangian for the system in Cartesian position 
coordinates. [5 pts] 

b. Write down the Hamiltonian for the system [5 pts] 
c. Write down the canonical momenta for the system [ 5pts] 
d. Write down Hamilton’s equations using the Hamiltonian obtained from 

the second step [5 pts] 
e. Using Hamilton’s equations, obtain an expression for the Lorentz force 

law. [5 pts] 
 



 
5. Write down expressions for the following. 

a. An expression for the symplectic condition for a canonical transformation if M is 
the symplectic matrix (or Jacobian matrix of the transformation).[10 pts] 

b. Obtain the symplectic matrix for the following transformation [10 pts] 
 

Q = q cos a – p sin a 
 

P = q sin a + p cos a 
c. Is the transformation of the previous step canonical?  Explain. [5 pts] 



6. Consider a one-dimensional harmonic oscillator of mass m and spring constant 
k. 

a. Write the Hamiltonian in terms of the canonical coordinate q and the 
conjugate momentum p. [7 pts] 

b. Using Poisson bracket {Qi,Pj}=δij, find the condition necessary for a change 
of variables (q,p)   (Q,P) to be a canonical transformation. [6 pts] 

c. Using the results from part b., determine the value of the constant C so 
that the equations  

 

 define a canonical transformation. [5 pts] 
d. Determine the generating function S(q,P) for the canonical transformation 

in part c. [7 pts] 
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Work four problems, at least one from each group.  Circle the numbers below to 
indicate your chosen problems. 
 
 

 
 

Group A      Group B   Group C 
 
 
 

1. Write in your code letter here:  
2. Write your code letter and a page number (in sequential order) on the top 

right-hand corner of each submitted answer sheet. 
3. Write only on one side of each answer sheet. 
4. Start each problem on a new answer sheet. 
5. Stack your answer sheets by problem and page number, and then staple 

them (at the top left-hand corner) with this cover sheet on the top. 
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1. Consider a two level system with eigenstates |1〉 and |2〉 having, 
respectively, energies ε1 and ε 2, and ε2 > ε1. 

a.  If the system is in the state |ψ〉 = a|1〉 + b|2〉, what is the density 
matrix ρ ? [ 15 pts] 

b. Let the system be in thermal equilibrium at temperature T.  What 
is ρ ?  What is F?  What is S? [ 10 pts] 



2. Consider a monatomic crystal consisting of N atoms.  These may be 
situated in two kinds of positions: 

a. Normal position, indicated by 0 
b. Interstitial position, indicated by X 

  
Suppose that there is an equal number (=N) of 
both kinds of position, but that the energy of an 
atom at an interstitial position is larger by an 
amount � than of an atom at a normal position. 
At T=0 all atoms will therefore be in normal position.  Show that, at a 
temperature T, the number n of atoms at interstitial sites is 

 for n << N 
Use the fact that the Helmholtz free energy is a minimum for equilibrium 
at constant volume and temperature 
 

0   0   0 

  X   X   

0   0   0 

  X   X   

0   0   0 
  
 



3. 
 

 
 
 
 



4. The quantum states available to a given physical system are (i) a group 
of g1 equally likely states with a common energy value �1 and (ii) a group 
of g2 equally likely states, with a common energy value �2.  Show that the 
entropy of the system is given by 

 
where p1 and p2 are, respectively, the probabilities of the system being in a 
state belonging to group 1 or to group 2: p1+ p2 = 1. 
  

a. a.       Assuming that the p’s are given by a canonical distribution, 
show that 

 
where x = (�2-�1)/kT, assumed positive. [10 pts] 

b. Verify the foregoing expression for S by deriving it from the 
partition function of the system. [10 pts] 

c. Check that as T�0, S�k ln g1.  Interpret this result physically. [5 
pts] 



5. 

 
 



6. 
 

 


